In this paper, we consider CR-submanifolds with the symmetric ∇σ which is a generalization of parallel second fundamental form, in a locally conformal Kaehler space form. About the symmetric tensor field P defined in (1.7), we show that, in an anti-holomorphic submanifold in an l.c.K.-space form, P is diagonal with respect to an adapted frame and has two eigenfunctions (See Theorem 3.1). Finally, we consider the relation of the eigenfunctions of P and the Lee form (See Theorems 3.2 and 3.3).
for any V, U ∈ TM, where∇ denotes the covariant differentiation with respect to˜ , α is the dual vector field of α which is called the Lee vector field, the 1-form β is defined by β(X) = −α(JX), β is the dual vector field of β, TM means the tangent bundle ofM and N J denotes the Nijenhuis tensor with respect to J which is defined by We write such a manifoldM(J,˜ , α). An l.c.K.-manifoldM(J,˜ , α) is called an l.c.K.-space form if it has a constant holomorphic sectional curvature, that is,R(JU, U, U, JU) = constant for any unit U ∈ TM, whereR is the Riemannian curvature tensor with respect to˜ . Then we know that the tensorR of an l.c.K.-space form with the constant holomorphic sectional curvature c is given by ( for any W, Z, V, U ∈ TM, where P andP are respectively defined by
andP (V, U) = P(JV, U) (1.8)
for any V, U ∈ TM, where α is the length of the Lee vector field α with respect to˜ , that is, α 2 =˜ (α , α ).
Remark 1.2.
To get (1.6), we have to assume that the symmetric (0,2)-tensor P is hybrid or equivalentlyP is skew-symmetric. This means that the Ricci tensorR 1 with respect to˜ is hybrid.
Remark 1.3.
We know that a Hopf manifold is an l.c.K.-space form with the parallel Lee form (∇α = 0). And it has no hybrid P. But, we don't know the representation of the Riemannian curvature tensor of an l.c.K.-space form with non hybrid P.
We writeM(c) an l.c.K.-space form with the constant holomorphic sectional curvature c.
CR-submanifolds in an l.c.K.-manifold.
In generally, between a Riemannian manifold (M,˜ ) and its Riemannian submanifold M, the Gauss and the Weingarten formulas are respectively given bỹ
for any X, Y ∈ TM and ξ ∈ T ⊥ M, where σ is the second fundamental form, A ξ is the shape operator with respect to ξ, ∇ ⊥ is the normal connection and T ⊥ M is the normal bundle of M( [6] ). The second fundamental form σ and the shape operator A are related bỹ
for any Y, X ∈ TM and ξ ∈ T ⊥ M.
The Codazzi equation is given by
for any X, Y, Z ∈ TM, where {R(X, Y)Z} ⊥ denotes the normal part ofR(X, Y)Z and (∇ X σ)(Y, Z) is defined by
The tensor field ∇σ is said to be symmetric if (∇ Z σ)(Y, X) is symmetric with respect to any Z, Y, X ∈ TM and the second fundamental form σ is said to be parallel if it satisfies ∇σ = 0. In a CR-submanifold, the distribution D (resp. D ⊥ ) is called a holomorphic (resp. totally real) distribution.
For a CR-submanifold M of an almost Hermitian manifoldM, we denote by ν the complementary orthogonal subbundle of JD ⊥ in the normal bundle T ⊥ M. Then we have the following direct sum decomposition
Remark 2.4. We know that the dimensions of the distributions D and ν are real even. Now, we recall an adapted frame onM. We take a following local orthonormal frame onM, (i) {e 1 , e 2 , ..., e p , e 1 * , e 2 * , ..., e p * } is a local orthonormal frame of D, (ii) {e 2p+1 , e 2p+2 , ..., e 2p+q } is a local orthonormal frame of D ⊥ , (iii) {e n+q+1 , e n+q+2 , ...e n+q+s , e (n+q+1) * , e (n+q+2) * , ..., e (n+q+s) * } is a local orthonormal frame of ν. Then we know (iv) {e 1 , ..., e p , e 1 * , ..., e p * , e 2p+1 , ..., e 2p+q } is a local orthonormal frame of TM, (v) {e (2p+1) * , ..., e (2p+q) * , e n+q+1 , ..., e n+q+s , e (n+q+1) * , ..., e (n+q+s) * } is a local orthonormal frame of T ⊥ M, where e i * = Je i for any i ∈ {1, 2, ..., p}, e (2p+b) * = Je 2p+a for any a ∈ {1, 2, ..., q} and e (n+q+α) * = Je n+q+α for any α ∈ {1, 2, ..., s}. We call such a local orthonormal frame an adapted frame ofM ( [9] ).
The Codazzi equation.
In this section, we consider the Codazzi equation in a CR-submanifold M in an l.c.K.-space formM(c).
Let M be a CR-submanifold in an l.c.K.-space formM(c). Then the curvature tensorR is given by (1.6). Thus, with respect to an adapted frame, {R(X, Y)Z} ⊥ is written by
for any i, j, ..., k ∈ {1, 2, ..., 2p}, a, b, ..., d ∈ {2p + 1, 2p + 2, ..., 2p + q = n} and s, r ∈ {n + q + 1, n + q + 2, m}, where we putR ωνµλ =R(e ω , e ν , e µ , e λ ), P µλ = P(e µ , e λ ), etc. for any ω, ν, µ, λ ∈ {1, 2, ..., n} and we used the properties of P andP.
By virtue of (2.4) and (3.1), we obtain
for any i, j, ..., k ∈ {1, 2, ..., 2p}, a, b, ..., d ∈ {2p + 1, 2p + 2, ..., 2p + q} and s, r ∈ {n + q + 1, n + q + 2, m}, where we put σ µλ = σ(e µ , e λ ) and (∇ ν σ) µλ = (∇ e ν σ)(e µ , e λ ) for any ν, µ, λ ∈ {1, 2, ..., n}.
Now, we assume that the submanifold M has the symmetric ∇σ, that is, σ is a Codazzi type. Then we have from (3.2)
By virtue of (3.3) 3) , we can easily see
for any i, j, ..., k ∈ {1, 2, ..., p}, a, b, ..., d ∈ {2p + 1, 2p + 2, ..., 2p + q}, where F and G denote the eigenfunctions of P which are given by
In particular, for any i, j, ..., k ∈ {1, 2, ..., p}, a, b, ..., d ∈ {2p+1, 2p+2, ..., 2p+q} and s, r ∈ {n+q+1, n+q+2, m}, the equation (3.3) is written as
Using (1.8), the tensor field P satisfies P j * i * = P ji , P j * a = P ja * , P j * r = P jr * , P b * a * = P ba (3.5) for any j, i ∈ {1, 2, ..., p}, b, a ∈ {2p + 1, 2p + 2, ..., 2p + q = n} and r ∈ {n + q + 1, n + q + 2, ..., m}. By virtue of (3.3) and the above relations, we obtain
As a result, the tensor field P µλ is expressed as
P ji P ji * P ja P ja * P jr P j * i P j * i * P j * a P j * a * P j * r P bi P bi * P ba P ba * P br P b * i P b * i * P b * a P b * a * P b * r P ri P ri * P ra P ra * P sr
P ji P ji * P ja P ja * P jr P j * i P ji P j * a P j * a * P j * r P bi P bi * P ba P ba * P br P b * i P b * i * P b * a P ba P b * r P ri P ri * P ra P ra * P sr 
Thus we have from (3.7)
Theorem 3.1. In a CR-submanifold M with the symmetric ∇σ in an l.c.K.-space formM(c), the tensor field P µλ is expressed by (3.7). In particular, if M is anti-holomorphic, then the matrix (P µλ ) is a diagonal one with two eigenfunctions F and G.
By virtue of (1.7) and (3.7), we know
that is,∇
The covariant differentiation of (3.8), (3.8) and the Bianchi identity give us
where we put F j =∇ j F and the suffix A run over the range 1, 2, ..., m. Next, using (1.6) and (3.7), we find
for any k, j, i, h ∈ {1, 2, ..., 2p}, a ∈ {2p + 1, 2p + 2, ..., 2p + q} and r ∈ {n + q + 1, n + q + 2, ..., m}.
From (3.10) 1) , for any k, j, i, h ∈ {1, 2, ..., p}, we know
On the other hand, we have from (3.10)
for any A ∈ {1, 2, ..., m} and k, j, i, h ∈ {1, 2, ..., 2p}. By virtue of (3.9) and (3.12), we obtain
for any k, j, i ∈ {1, 2, ..., 2p}. In particular, for k, j, i ∈ {1, 2, ..., p} or k, j, i ∈ {p + 1, p + 2, ..., 2p}, the above equation implies
Thus, we have from the above equation
for any j ∈ {1, 2, ..., p} if p 1. For k, j, i ∈ {p + 1, p + 2, ..., 2p}, we have the same equation with (3.15). Thus, we have (3.15) for any j ∈ {1, 2, ..., 2p}, if p 1, Thus, by virtue of (3.13) and (3.15), we have
From this, we know F = Similarly with the last case, we have from (3.16) and Bianchi identitỹ
where we put G a =∇ a G for any a ∈ {2p + 1, 2p + 2, ..., 2p + q = n}. By virtue of (1.6) and (3.7), we have 
The contraction of the above equation by c and b gives us
if q 1.
